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Using the way of deriving infinitive sum representation of density operator as a solution to the
master equation describing the amplitude dissipative channel by virtue of the entangled state rep-
resentation, we show manifestly how the initial density operator of a single-mode squeezed vac-
uum state evolves into a definite mixed state which turns out to be a squeezed chaotic state with
decreasing-squeezing. We investigate average photon number, photon statistics distributions for this
state.
I. INTRODUCTION
Squeezed states are such for which the noise in one
of the chosen pair of observables is reduced below the
vacuum or ground-state noise level, at the expense of
increased noise in the other observable. The squeezing
effect indeed improves interferometric and spectroscopic
measurements, so in the context of interferometric detec-
tion and of gravitational waves the squeezed state is very
useful [1, 2]. In a very recently published paper, Agarwal
[3] revealed that a vortex state of a two-mode system can
be generated from a squeezed vacuum by subtracting a
photon, such a subtracting mechanism may happen in
a quantum channel with amplitude damping. Usually,
in nature every system is not isolated, dissipation or de-
phasing usually happens when a system is immersed in
a thermal environment, or a signal (a quantum state)
passes through a quantum channel which is described by
a master equation [4]. For example, when a pure state
propagates in a medium, it inevitably interacts with it
and evolves into a mixed state [5]. Dissipation or de-
phasing will deteriorate the degree of nonclassicality of
photon fields, so physicists pay much attention to it [6–8].
In this present work we investigate how an initial
single-mode squeezed vacuum state evolves in an ampli-
tude dissipative channel (ADC). When a system is de-
scribed by its interaction with a channel with a large
number of degrees of freedom, master equations are set
up for a better understanding how quantum decoherence
is processed to affect unitary character in the dissipation
or gain of the system. In most cases people are inter-
ested in the evolution of the variables associated with
the system only. This requires us to obtain the equa-
tions of motion for the system of interest only after trac-
ing over the reservoir variables. A quantitative measure
of nonclassicality of quantum fields is necessary for fur-
ther investigating the system’s dynamical behavior. For
this channel, the associated loss mechanism in physical
processes is governed by the following master equation
[4]
dρ (t)
dt
= κ
(
2aρa† − a†aρ− ρa†a) , (1)
where ρ is the density operator of the system, and κ is
the rate of decay. We have solved this problem with use
of the thermo entangled state representation [9]. Our
questions are: What kind of mixed state does the initial
squeezed state turns into? How does the photon statistics
distributions varies in the ADC?
Thus solving master equations is one of the fun-
damental tasks in quantum optics. Usually peo-
ple use various quasi-probability representations, such
as P-representation, Q-representation, complex P-
representation, and Wigner functions, etc. for converting
the master equations of density operators into their corre-
sponding c-number equations. Recently, a new approach
[9, 10], using the thermal entangled state representation
[11, 12] to convert operator master equations to their c-
number equations is presented which can directly lead to
the corresponding Kraus operators (the infinitive repre-
sentation of evolved density operators) in many cases.
The work is arranged as follows. In Sec. 2 by virtue
of the entangled state representation we briefly review
our way of deriving the infinitive sum representation of
density operator as a solution of the master equation.
In Sec. 3 we show that a pure squeezed vacuum state
(with squeezing parameter λ) will evolves into a mixed
state (output state), whose exact form is derived, which
turns out to be a squeezed chaotic state. We investigate
average photon number, photon statistics distributions
for this state. The probability of finding n photons in this
mixed state is obtained which turns out to be a Legendre
polynomial function relating to the squeezing parameter
λ and the decaying rate κ. In Sec. 4 we discuss the
photon statistics distributions of the output state. In
Sec. 5 and 6 we respectively discuss the Wigner function
and tomogram of the output state.
II. BRIEF REVIEW OF DEDUCING THE
INFINITIVE SUM REPRESENTATION OF ρ (t)
For solving the above master equation, in a recent
review paper [13] we have introduced a convenient ap-
proach in which the two-mode entangled state [11, 12]
|η〉 = exp(−1
2
|η|2 + ηa† − η∗a˜† + a†a˜†)|00˜〉, (2)
2is employed, where a˜† is a fictitious mode independent
of the real mode a†, [a˜, a†] = 0. |η = 0〉 possesses the
properties
a|η = 0〉 = a˜†|η = 0〉,
a†|η = 0〉 = a˜|η = 0〉, (3)
(a†a)n|η = 0〉 = (a˜†a˜)n|η = 0〉.
Acting the both sides of Eq.(1) on the state |η = 0〉 ≡ |I〉,
and denoting |ρ〉 = ρ |I〉, we have
d
dt
|ρ〉 = κ (2aρa† − a†aρ− ρa†a) |I〉
= κ
(
2aa˜− a†a− a˜†a˜) |ρ〉 , (4)
so its formal solution is
|ρ〉 = exp [κt (2aa˜− a†a− a˜†a˜)] |ρ0〉 , (5)
where |ρ0〉 ≡ ρ0 |I〉 , ρ0 is the initial density operator.
Noticing that the operators in Eq.(5) obey the follow-
ing commutative relation,[
aa˜, a†a
]
=
[
aa˜, a˜†a˜
]
= a˜a (6)
and [
a†a+ a˜†a˜
2
, aa˜
]
= −a˜a, (7)
as well as using the operator identity [14]
eλ(A+σB) = eλAeσ(1−e
−λτ)B/τ , (8)
(which is valid for [A,B] = τB), we have
e
−2κt
(
a†a+a˜†a˜
2
−aa˜
)
= e−κt(a
†a+a˜†a˜)eT
′aa˜, (9)
where T ′ = 1− e−2κt.
Then substituting Eq.(9) into Eq.(5) yields [13]
|ρ〉 = e−κt(a†a+a˜†a˜)
∞∑
n=0
T ′n
n!
ana˜n |ρ0〉
= e−κta
†a
∞∑
n=0
T ′n
n!
anρ0a
†ne−κta˜
†a˜ |I〉
=
∞∑
n=0
T ′n
n!
e−κta
†aanρ0a
†ne−κta
†a |I〉 , (10)
which leads to the infinitive operator-sum representation
of ρ,
ρ =
∞∑
n=0
Mnρ0M
†
n, (11)
where
Mn ≡
√
T ′n
n!
e−κta
†aan. (12)
We can prove
∑
n
M †nMn =
∑
n
T ′n
n!
a†ne−2κta
†aan
=
∑
n
T ′n
n!
e2nκt : a†nan : e−2κta
†a
= : eT
′e2κta†a : e−2κta
†a
= : e(e
2κt−1)a†a : e−2κta
†a = 1, (13)
where : : stands for the normal ordering. Thus Mn is a
kind of Kraus operator, and ρ in Eq.(11) is qualified to
be a density operator, i.e.,
Tr [ρ (t)] = Tr
[ ∞∑
n=0
Mnρ0M
†
n
]
= Trρ0. (14)
Therefore, for any given initial state ρ0, the density op-
erator ρ (t) can be directly calculated from Eq.(11). The
entangled state representation provides us with an ele-
gant way of deriving the infinitive sum representation of
density operator as a solution of the master equation.
III. EVOLVING OF AN INITIAL SINGLE-MODE
SQUEEZED VACUUM STATE IN ADC
It is seen from Eq.(11) that for any given initial state
ρ0, the density operator ρ (t) can be directly calculated.
When ρ0 is a single-mode squeezed vacuum state,
ρ0 = sechλ exp
(
tanhλ
2
a†2
)
|0〉 〈0| exp
(
tanhλ
2
a2
)
,
(15)
we see
ρ (t) = sechλ
∞∑
n=0
T ′n
n!
e−κta
†aan exp
(
tanhλ
2
a†2
)
|0〉
× 〈0| exp
(
tanhλ
2
a2
)
a†ne−κta
†a. (16)
Using the Baker-Hausdorff lemma [15],
eλAˆBˆe−λAˆ = Bˆ+λ
[
Aˆ, Bˆ
]
+
λ2
2!
[
Aˆ,
[
Aˆ, Bˆ
]]
+ · · · . (17)
we have
an exp
(
tanhλ
2
a†2
)
|0〉 = e tanh λ2 a†2e− tanh λ2 a†2ane tanh λ2 a†2 |0〉
= e
tanh λ
2
a†2
(
a+ a† tanhλ
)n |0〉 .(18)
Further employing the operator identity [16]
(
µa+ νa†
)m
=
(
−i
√
µν
2
)m
: Hm
(
i
√
µ
2ν
a+ i
√
ν
2µ
a†
)
: ,
(19)
3where Hm(x) is the Hermite polynomial, we know(
a+ a† tanhλ
)n
=
(
−i
√
tanhλ
2
)n
: Hn
(
i
√
1
2 tanhλ
a+ i
√
tanhλ
2
a†
)
: .(20)
From Eq.(18), it follows that
ane
tanh λ
2
a†2 |0〉 =
(
−i
√
tanhλ
2
)n
e
tanhλ
2
a†2
×Hn
(
i
√
tanhλ
2
a†
)
|0〉 . (21)
On the other hand, noting e−κta
†aa†eκta
†a =
a†e−κt, eκta
†aae−κta
†a = ae−κt and the normally ordered
form of the vacuum projector |0〉 〈0| =: e−a†a : , we have
ρ (t) = sechλ
∞∑
n=0
T ′n
n!
e−κta
†aane
tanh λ
2
a†2 |0〉
× 〈0| e tanh λ2 a2a†ne−κta†a
= sechλ
∞∑
n=0
(T ′ tanhλ)n
2nn!
e
e−2κta†2 tanh λ
2
×Hn
(
i
√
tanhλ
2
a†e−κt
)
|0〉 〈0|
×Hn
(
−i
√
tanhλ
2
ae−κt
)
e
e−2κta2 tanh λ
2
= sechλ
∞∑
n=0
(T ′ tanhλ)n
2nn!
: e
e−2κt(a2+a†2) tanh λ
2
−a†a
×Hn
(
i
√
tanhλ
2
a†e−κt
)
Hn
(
−i
√
tanhλ
2
ae−κt
)
:
(22)
then using the following identity [17]
∞∑
n=0
tn
2nn!
Hn (x)Hn (y)
=
(
1− t2)−1/2 exp
[
t2
(
x2 + y2
)− 2txy
t2 − 1
]
, (23)
and eλa
†a =: e(e
λ−1)a†a : , we finally obtain the expres-
sion of the output state
ρ (t) =We
ß
2
a†2ea
†a ln(ßT ′ tanhλ)e
ß
2
a2 , (24)
with T ′ = 1− e−2κt and
W ≡ sechλ√
1− T ′2 tanh2 λ
, ß ≡ e
−2κt tanhλ
1− T ′2 tanh2 λ. (25)
By comparing Eq.(15) with (23) one can see that after
going through the channel the initial squeezing parame-
ter tanhλ in Eq.( 15) becomes to ß≡ e−2κt tanhλ
1−T ′2 tanh2 λ , and
|0〉 〈0| → 1√
1−T ′2 tanh2 λ
ea
†a ln(ßT ′ tanhλ), a chaotic state
(mixed state), due to T ′ > 0, we can prove e
−2κt
1−T ′2 tanh2 λ <
1, which means a squeezing-decreasing process. When
κt = 0, then T ′ = 0 and ß = tanhλ, Eq.(22) becomes the
initial squeezed vacuum state as expected.
It is important to check: if Trρ(t) = 1. Using Eq.(22)
and the completeness of coherent state
∫
d2z
pi |z〉 〈z| = 1
as well as the following formula [18]
∫
d2z
pi
eζ|z|
2+ξz+ηz∗+fz2+gz∗2 =
1√
ζ2 − 4fg e
−ζξη+fη2+gξ2
ζ2−4fg ,
(26)
whose convergent condition is Re(ζ ± f ± g) < 0
and Re
(
ζ2−4fg
ζ±f±g
)
< 0, we really see
Trρ (t) = W
∫
d2z
pi
〈z| e ß2a†2ea†a ln(ßT ′ tanhλ)e ß2a2 |z〉
=
W√
(ßT ′ tanhλ− 1)2 − ß2
= 1. (27)
so ρ (t) is qualified to be a mixed state, thus we see
an initial pure squeezed vacuum state evolves into a
squeezed chaotic state with decreasing-squeezing after
passing through an amplitude dissipative channel.
IV. AVERAGE PHOTON NUMBER
Using the completeness relation of coherent state
and the normally ordering form of ρ (t) in Eq.
(22), and using e
ß
2
a2a†e−
ß
2
a2 = a†+ßa, as well
as ea
†a ln(ßT ′ tanhλ)a†e−a
†a ln(ßT ′ tanhλ)=a†ßT ′ tanhλ, we
have
Tr
(
ρ (t) a†a
)
=W
∫
d2z
pi
〈z| e ß2a†2ea†a ln(ßT ′ tanhλ)e ß2a2a†a |z〉
=W
∫
d2z
pi
〈z| e ß2a†2ea†a ln(ßT ′ tanhλ)e ß2a2za† |z〉
=W
∫
d2z
pi
z 〈z| e ß2a†2ea†a ln(ßT ′ tanhλ) (a† + ßa) e ß2a2 |z〉
=Wß
∫
d2z
pi
ze
ß
2 (z
∗2+z2) 〈z| (a†T ′ tanhλ+ z) ea†a ln(ßT ′ tanhλ) |z〉
=Wß
∫
d2z
pi
(|z|2T ′ tanhλ+ z2)
× exp
[
(ßT ′ tanhλ− 1) |z|2 + ß
2
(
z∗2 + z2
)]
. (28)
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FIG. 1: (Color online) The average n¯ (κt) as the function of
κt for different values of squeezing parameter λ (from bottom
to top λ = 0, 0.1, 0.3, 0.5, 1.)
In order to perform the integration, we reform Eq.(28)
as
Tr
(
ρ (t) a†a
)
= Wß
{
T ′ tanhλ
∂
∂f
+
2
ß
∂
∂s
}
×
∫
d2z
pi
exp
[
(ßT ′ tanhλ− 1 + f) |z|2
+
ß
2
(
z∗2 + (1 + s) z2
)]
f=s=0
=
1− ßT ′ tanhλ
(ßT ′ tanhλ− 1)2 − ß2 − 1 (29)
in the last step, we have used Eq.(27). Using Eq.(29), we
present the time evolution of the average photon num-
ber in Fig. 1, from which we find that the average pho-
ton number of the single-mode squeezed vacuum state in
the amplitude damping channel reduces gradually to zero
when decay time goes.
V. PHOTON STATISTICS DISTRIBUTION
Next, we shall derive the photon statistics distribu-
tions of ρ (t). The photon number is given by p (n, t) =
〈n| ρ (t) |n〉. Noticing a†m |n〉 = √(m+ n)!/n! |m+ n〉
and using the un-normalized coherent state |α〉 =
exp[αa†] |0〉, [19, 20] leading to |n〉 = 1√
n!
d
n
dαn |α〉 |α=0 ,(〈β |α〉 = eαβ∗), as well as the normal ordering form of
ρ (t) in Eq. (22), the probability of finding n photons in
the field is given by
p (n, t)
= 〈n| ρ (t) |n〉
=
W
n!
d
n
dβ∗n
d
n
dαn
〈β| e ß2β∗2ea†a ln(ßT ′ tanhλ)e ß2α2 |α〉
∣∣∣
α,β∗=0
=
W
n!
d
n
dβ∗n
d
n
dαn
exp
[
β∗α ßT ′ tanhλ+
ß
2
β∗2 +
ß
2
α2
]∣∣∣∣
α,β∗=0
.(30)
Note that
[
e
ß
2
a†2ea
†a ln(ßT ′ tanhλ)e
ß
2
α2
]†
= e
ß
2
a†2ea
†a ln(ßT ′ tanhλ)e
ß
2
α2
so
〈n| ρ (t) |n〉∗ = 〈n| ρ (t)† |n〉 = 〈n| ρ (t) |n〉
∂n+n
∂tn∂t′n
exp
[
2xtt′ − t2 − t′2]
t=t′=0
= 2nn!
[n/2]∑
m=0
n!
22m (m!)2 (n− 2m)!x
n−2m, (31)
we derive the compact form for p (n, t), i.e.,
p (n, t)
=
W
n!
(
−ß
2
)n
d
n
dβ∗n
d
n
dαn
e−2T
′ tanhλβ∗α−β∗2−α2
∣∣∣
α,β∗=0
= W (ßT ′ tanhλ)n
[n/2]∑
m=0
n! (T ′ tanhλ)−2m
22m (m!)2 (n− 2m)! . (32)
Using the newly expression of Legendre polynomials
found in Ref. [21]
xn
[n/2]∑
m=0
n!
22m (m!)
2
(n− 2m)!
(
1− 1
x2
)m
= Pn (x) ,
(33)
we can formally recast Eq.(32) into the following compact
form, i.e.,
p (n, t) =W
(
e−κt
√
−ß tanhλ
)n
Pn
(
eκtT ′
√
−ß tanhλ
)
note that since
√−ß tanhλ is pure imaginary, while
p (n, t) is real, so we must still use the power-series expan-
sion on the right-hand side of Eq.(32) to depict figures of
the variation of p (n, t). In particular, when t = 0, Eq.(32
) reduces to
p (n, 0) = sechλ (tanhλ)n lim
T ′→0
[n/2]∑
m=0
n! (T ′ tanhλ)n−2m
22m (m!)2 (n− 2m)!
=
{
(2k)!
22kk!k! sechλ tanh
2k λ, n = 2k
0 n = 2k + 1
, (34)
which just correspond to the number distributions of the
squeezed vacuum state [22, 23]. From Eq.(34) it is not
difficult to see that the photocount distribution decreases
as the squeezing parameter λ increases. While for κt →
∞, we see that p (n,∞) = 0. This indicates that there is
no photon when a system interacting with a amplitude
dissipative channel for enough long time, as expected.
In Fig. 2, the photon number distribution is shown for
different κt.
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FIG. 2: (Color online) Photon number distribution of the
squeezed vacuum state in amplitude damping channel for λ =
1, and different κt: (a) κt = 0, (b) κt = 0.5, (c) κt = 1 and
(d) κt = 2.
VI. WIGNER FUNCTIONS
In this section, we shall use the normally ordering for
of density operators to calculate the analytical expression
of Wigner function. For a single-mode system, the WF
is given by [24]
W (α, α∗, t) = e2|α|
2
∫
d2β
pi2
〈−β| ρ (t) |β〉 e−2(βα∗−β∗α),
(35)
where |β〉 is the coherent state [19, 20] . From Eq.(22) it
is easy to see that once the normal ordered form of ρ (t) is
known, we can conveniently obtain the Wigner function
of ρ (t).
On substituting Eq.(24) into Eq.(35) we obtain the WF
of the single-mode squeezed state in the ADC,
W (α, α∗, t)
= We2|α|
2
∫
d2β
pi2
exp
[
− (1 + ßT ′ tanhλ) |β|2
−2 (βα∗ − β∗α) + ß
2
β∗2 +
ß
2
β2
]
=
W
pi
√
(1 + ßT ′ tanhλ)2 − ß2
exp
[
2 |α|2
]
× exp
[
2
−2 (1 + ßT ′ tanhλ) |α|2 + ß (α∗2 + α2)
(1 + ßT ′ tanhλ)2 − ß2
]
(36)
In particular, when t = 0 and t → ∞, Eq.(36)
reduces to W (α, α∗, 0) = 1pi exp[−2 |α|2 cosh 2λ +(
α∗2 + α2
)
sinh 2λ], and W (α, α∗,∞) = 1pi exp
[
−2 |α|2
]
,
which are just the WF of the single-mode squeezed vac-
uum state and the vacuum state, respectively. In Fig. 3,
the WF of the single-mode squeezed vacuum state in the
amplitude damping channel is shown for different decay
time κt.
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FIG. 3: (Color online) Wigner function of the squeezed vac-
uum state in amplitude damping channel for λ = 1.0, different
κt: (a) κt = 0.0, (b) κt = 0.5, (c) κt = 1, and (d) κt = 2.
VII. TOMOGRAM
As we know, once the probability distributions Pθ (xˆθ)
of the quadrature amplitude are obtained, one can use the
inverse Radon transformation familiar in tomographic
imaging to obtain the WF and density matrix [25]. Thus
the Radon transform of the WF is corresponding to the
probability distributions Pθ (xˆθ). In this section we de-
rive the tomogram of ρ (t).
For a single-mode system, the Radon transform of WF,
denoted as R is defined by [26]
R (q)f,g =
∫
δ (q − fq′ − gp′)Tr [∆ (β) ρ (t)] dq′dp′
= Tr
[
|q〉f,g f,g 〈q| ρ (t)
]
=f,g 〈q| ρ (t) |q〉f,g(37)
where the operator |q〉f,g f,g 〈q| is just the Radon trans-
form of single-mode Wigner operator ∆ (β), and
|q〉f,g = A exp
[√
2qa†
B
− B
∗
2B
a†2
]
|0〉 , (38)
as well as B = f − ig, A =[
pi
(
f2 + g2
)]−1/4
exp[−q2/2 (f2 + g2)]. Thus the
tomogram of a quantum state ρ (t) is just the quantum
average of ρ (t) in |q〉f,g representation (a kind of
intermediate coordinate-momentum representation) [27].
Substituting Eqs.(24) and (38) into Eq.(37), and using
the completeness relation of coherent state, we see that
the Radom transform of WF of ρ (t) is given by
R (q)f,g
= Wf,g 〈q| e ß2a
†2
ea
†a ln(ßT ′ tanhλ)e
ß
2
a2 |q〉f,g
=
WA2√
E
exp
{
q2ß
E |B|4
(
B2 +B∗2
)
+
2q2ß
E |B|2
(
T tanhλ+ ß− ßT 2 tanh2 λ)
}
, (39)
6where we have used the formula (26) and 〈α| γ〉 =
exp[− |α|2 /2− |γ|2 /2 + α∗γ], as well as
E =
(
1 + ß
B
B∗
)(
1 +
B∗
B
ß−B∗ (ßT
′ tanhλ)2
B∗ + ßB
)
=
∣∣∣∣1 + ßBB∗
∣∣∣∣
2
− ( ßT ′ tanhλ)2 . (40)
In particular, when t = 0, (T = 0), then Eq.(39) reduces
to ( BB∗ = e
2iφ)
R (q)f,g =
A2sechλ
|1 + e2iφ tanhλ|
× exp


q2
(
B2 +B∗2 + 2 |B|2 tanhλ
)
tanhλ∣∣∣1 + e2iφ |B|4 tanhλ∣∣∣2

 ,(41)
which is a tomogram of single-mode squeezed vacuum
state; while for κt → ∞,(T = 1), then R (q)f,g = A2,
which is a Gaussian distribution corresponding to the
vacuum state.
In summary, using the way of deriving infinitive sum
representation of density operator by virtue of the entan-
gled state representation describing, we conclude that in
the amplitude dissipative channel the initial density op-
erator of a single-mode squeezed vacuum state evolves
into a squeezed chaotic state with decreasing-squeezing.
We investigate average photon number, photon statistics
distributions, Wigner functions and tomogram for the
output state.
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